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ü Introduction

The problem of air resistance as applied to dynamics may seem like your first exploration of a differential equation but
as we shall see it is a subject you have seen, albeit indirectly, before.  Differential equations associated with speed
dependant friction are similar to many others we will encounter in this class so it is worth exploring it in detail.  I also
hope to lay the groundwork for examining other types of differential equations that don’t lend themselves to neat
solutions.
Simply put, a differential equation is one where a set of measurements can be connected to a derivative.  In a very real
sense you have already met these kinds of modelling functions.  Consider an expression involving velocity under
conditions of uniform acceleration: 

v(t) = a t

If I express this in terms of the definition of velocity we see that it is, in fact, a differential equation:
„

„t
x = a t

We dealt with this type of equation earlier this year.  You know the solution to the equation that predicts the location
of a particle as a function of time.  Before we try to evaluate it let’s look at this as we would solve any differential
equation given this setup.
The left hand side is a slope while the right hand side is a linear function of time.  Lets draw a picture (a graph, really)
where we plot the slope as time goes on.  Choosing four locations we

t

x

see that we anticipate 4 different slopes that increase linearly as time goes on.  The solution should produce a graph
that follows this general pattern.  Look at the “slope” equation above and verify that the equation should give the slope
graph shown here.
At this point we can take two approaches.  We can guess at a function that will give the slope equation identified above
or we can solve this by a more direct means (analytically).  Lets try guessing first.
A gander at the graph suggests that the solution to the original equation should look like a quadratic so lets try that
first.  Let x(t) = k t2.  This means that according to our equation

„

„t
x = 2 k t = a t 

The two equations are identical if 2k = a or k = 1
2
a.  Based on my somewhat intelegent guess (guided by the graph) I

hypothesize that the solution to x(t) is:



xHtL = 1
2
a t2

The analytical solution is just as practical but doesn’t involve any guessing.  We start by recognizing the derivatives
are really the limits of changes in a dependent variable divided by the changes in an independent variable.   Lets break
the original equation apart and look at the meaning of the result.

„ xHtL = a t „ t

We treated the derivative as a fraction and multiplied each side by the denominator.  The result is an examination of
how the differential of the position (a small change in the position) is dependant on a small change in the time.  Lets
see what this says.  Lets pick a small finite time step.  Think of it as the tick of a mechanical stopwatch.  With the first
tick the time read out on the stop watch is 0 so there is no shift in the position.  With the next tick the position changes
slightly depending on the value of a.  In order to determine how far we travelled we add this change to the last one to
get the total.  Another tick and the change in the position from the previous step to this one has grown.  It has increased
linearly from the last tick and will increase linearly as the stopwatch moves forward.  Again, to calculate where we are
we need to add this change to the growing sum of other changes.  This process continues until we reach the end of the
time period we are interested in.   As we have seen before,  the act of adding the infinitesimally small increments
together is called an integral.  We express this idea mathematically with the following notation…

Ÿ0
xHtL„ x = Ÿ0

ta t „ t

Mechanically we know how to do this integral.  We can apply the rules or remember the tricks we used to determine
the result of these calculations to get…

x †0
xHtL = xHtL - 0 = xHtL = a t2

2
†0
t = a t2

2
- a 02

2
= 1
2
a t2

or, simply, xHtL = 1
2
a t2

Reflect on what we did.  We have done enough kinematics to have known the answer to this problem ahead of time.
The reason we looked at this is so we wouldn’t be mystified by the outcome but could focus on the steps that got us to
our anticipated conclusion.  We saw a way to visualize the answer before we even tried to solve the equaitions.  In
order to understand the kind of solution to expect we then examined three ways of solving the differential equation
more explicitly.  Not surprisingly the analytical answer matched our qualitative expectation.

The black line is our analytical result and the red slopes are the predictions the orignal “slope equation” suggested
would look like.
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ü Velocity Dependant Friction

This is somewhat of a contrived situation but it is important to take the example seriously in order to understand our
pinacle problem.  A boat is roaring along a lake when suddently the motor dies.  The force of friction of the water
pulling backward on the boat is not dependant on the mass of the boat but simply how much of it sits in the water and
the speed with which it is travelling.  The free body diagram looks like this…

Fg

FB
FD

The free body diagram of a boat on water that was trevelling with
a velocity v0 when the engine died.

v(0)=v0

!ö

The Boyant force and Gravitational force balance (or the boat wouldn’t float) so lets just focus on the frictional (or
drag) portion of the equation.  As mentioned, the frictional force depends on the velocity v.  At zero velocity, naturally,
this force is 0 so there the boat doesn’t accelerate from a standstill.  What the force does is slow things down by acting
always in a direction that opposes the direction of motion just like ordinary friction.  Writing Newton’s Second Law
for this situation is straightforward…

FD = -b v =m „

„t
v

The net force acting on the boat when the engine dies is solely FDwhich takes the form of –b v.  The negative sign is
chosen to reflect the conventional coordnate system where increasing position is toward the right (!ö).  The coeffi-
cient b may be dependent on many things like the shape of the boat and the density of the water, etc but we can wrap
all of this into a single value that does not change for this particular boat on this (bad) day.  Re-writing the expression
so it looks like our previous situation we get something like this…

„

„t
v = - b

m
v

The equation here has shades of what we did before but is different in one key respect; there is no explicit dependance
on time.  Instead we see a derivative of velocity that depends on the velocity.  We can still make some guesses as to
what the solution will look like graphically.
At time 0 we are told that the boat was moving at a speed v0.  That’s our starting point.  The slope starts out with a big
negative value (A).  As time goes on this slope equation suggests the the velocity will decrease.  By the time we get to
(B) the slope has diminished.

t

v
(A)

(D)

(B)

(C)

The process continues.  The slope of the velocity is still negative, meaning the velocity will decrease yet further as
time goes on (C) and the slope will continue to decrease as time goes on.  Eventually the slope will approach zero as
time gets really long and the velocity gets closer and closer to zero.  Notice that this prediction never indicates that the
velocity drops below zero.  Even if it did drop below zero the effect would be to reverse the slope and bring the speed
back up to zero.  But, as we said the force is such that once the boat stops the force drops to zero and always opposes
the direction of motion like all frictional forces.
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t

v
(A)

(D)
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The process continues.  The slope of the velocity is still negative, meaning the velocity will decrease yet further as
time goes on (C) and the slope will continue to decrease as time goes on.  Eventually the slope will approach zero as
time gets really long and the velocity gets closer and closer to zero.  Notice that this prediction never indicates that the
velocity drops below zero.  Even if it did drop below zero the effect would be to reverse the slope and bring the speed
back up to zero.  But, as we said the force is such that once the boat stops the force drops to zero and always opposes
the direction of motion like all frictional forces.
Lets look at the differential form of this equation.  Just like we did above we can look at the derivative as if it were a
fractional ratio of two infinitesimally small shifts in the key values…

„v = - b
m
v „ t

Like before we fix „t to the tick of a stopwatch and observe what this equation predicts the change in velocity will do
as time marches on.  At time zero the shift  in the velocity is  large and downward (negative difference times the
velocity v).  We “add” this negative shift to the initial velocity to get the new anticipated speed which is a bit smaller.
With the next tick we see that the velocity has decreased a little bit so that the next shift isn’t as great as the first but it
is still  trending downward.  We “add” this negative shift in the velocity to the previous sum and arrive at a new
velocity still closer to zero than before.  We can see that this is going to continue until v goes to zero where there will
be no more shift.
In order to integrate this system more formally we must complete our rearrangement of the previous equation to get all
the “v”s on one side and the “t”s on the other.  We then ‘add’ up all the small differences to get the analytical solution:

„v
v

= - b
m
„ t fl Ÿv0

vHtL 1
v
„v = Ÿ0

t -b
m
„ t

ln@ v D v0
vHtL = ln@vHtLD - ln@v0D = lnB vHtL

v0
F = -b

m
t 0t = -b

m
Ht - 0L = -b

m
t

finally… lnB vHtL
v0
F = -b

m
t

We used our table of integrals from before to recognize the special case of the integral of „x/x as the natural log of x (
ln[x] ).  We also took advantage of a property of logs to convert the difference between the log of two values to the log
of the ratio. (BTW This is how slide rules work.)  You should note that you can never take the log (or sine or cosine)
of a dimensioned number.  The value inside a transcendental function must always result in a dimensionless number.
The final step is to isolate the desired predictive equation v(t) from the final form shown above to get…

vHtL = v0 ‰
-b

m
t

A true exponential decay.  In general whenever we see a derivative of a function depend on the negative of itself we
get an exponential decay.  If the derivative depends on the function itself (positive) we get exponential growth.  We are
going to see many differential equations that take on this form so get familiar with it.
The plot of the function matches our expectation of the solution based on the slope… 
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The plot of the function matches our expectation of the solution based on the slope… 

Before we leave this prediction we should ask the question of “Can we predict the position as a function of time as the
boat slows down?”  The answer is “of course!”, we did many of these calculations when we explored the use of
integrals with kinematics.  We simply choose to call the position at the time the motor on the boat dies to be 0.  What
is the distance traveled from this point?  Simply the integral of the velocity…

xHtL = Ÿ0
tvHtL „ t x(t) = Ÿ0

t v0 ‰
-b

m
t „ t

This almost looks like the integral on the reference sheet if weren’t for those pesky constants in the exponential.  Let
use our chain rule to transform the integral…

Let u = - b
m
t which means that the differential of u looks like „u = - b

m
„ t

now we can change the variables in the integral indicated above.  Substitute in u and „u to get…

x(t) = Ÿ0
t v0 ‰uI

-m
b
M „u fl Dx(t) = I -m

b
M v0 Ÿ0

t ‰u „u

Now the final integral looks like something from our table.  One last trick (this one is useful) since we transformed t
! u we should transform the limits as well so we don't have to transform result back.  This saves time at the end. The
final integral looks like: 

x(t) = I -m
b
M v0 Ÿ0

-
b

m
t
‰u „u  =  I -m

b
M v0 ‰u 0

-
b

m
t
 = I -m

b
M v0 K ‰-

b

m
t - 1O

This last expression may seem a little unusual at first until you note that the dimensions of m/b has to have units of
time and that this value multiplies by v0is a distance.  As t grows very large the limit of travel is simply m

b
v0.  The boat

never gets past this point.  The graph of this function takes this form…   

If you know the mass of your boat m and the drag coefficient b then you can work out the distance the boat travels as
you change v0.  Cool!
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ü Dropping things from the Empire State Building (under water)

Dropping a stone through water is similar to the last problem but with a twist.  We will assume that the stone is
released so that it starts just under the surface of the water with an initial velocity of zero.  The free body diagram
changes a bit and so does the corresponding differential equation.

As before we can set up Newton’s Second Law equations for this system as a differential equation.  For our purposes
we will ignore the buoyant force (it simply provides a fixed force that offsets the gravitational force; it is as if we were
on another planet with a weaker g).  To keep things simple for now we will leave it out because it is a static force it
won’t affect our dynamic solution.

FG - FD =m g - b v =m „

„t
v

Notice the difference in the structure of the equation.  We start with a 0 velocity which means the differential equation
needs to be re-interpreted.  Like before, we start with an attempt to anticipate the shape of the solution by examining
the slope.

„

„t
v = g - b

m
v

Remember, at t=0 the velocity, v, is 0.  So the slope of the velocity is simply g.  This looks familiar.  As time goes on
the velocity increases so that the slope decreases.  How do we know the velocity increases?  The slope equation.  With
each successive time step we increase the speed by a little bit.  As the speed increases, the slope decreases.  Eventually,
at some place close to (D), the slope reaches 0 and no longer changes significantly.

When the slope of the velocity reaches 0 we have attained the point of “terminal velocity”  the acceleration has gone to
zero and the object moves at constant speed.  For the system described above this point is vterm = m

b
g. 
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Now that we have a “feel” for where this solution (modelling the v(t) function) is going we can begin to integrate this
equation.  Look at how the differential components are similar yet behave different than before:

„v = Ig - b
m
vM „ t

For each tick of the clock the change in the velocity is getting smaller as it incrementally adds to the starting velocity
(0) and increments toward the terminal velocity.  Now lets integrate the equation by isolating similar variables to their
own side.  We will make one additional modification (take out a piece of paper now and verify that this works) where
we will factor out the b/m term and convert the results to vterm

„v
Hvterm- vL

= b
m
„ t

As before, we will need to look for opportunities to change the integrands (things inside the integrals) to something
that look familiar by inventing new variables.  Lets let u = vterm - v so that „u = -„v.  This one is easy.  Once again
we will transform the limits on the definite integral so we don’t have to change the variables back again after we
complete the integral. 

‡
vHtL
0

„v
Hvterm- vL

= -‡
vterm - vHtL
vterm

„u
u
= ‡

t
0

b
m
„ t

which leads to: lnB vterm-vHtL
vterm

F = - b
m
Ht - 0L

I deliberately skipped steps in the last equation.  Can you put in the intermediate steps?  (hint: ln[A]-ln[B] = ln[A/B].
If we now rearrange the expression above we get a familiar result…

vHtL = vtermK1 - ‰-
b

m
tO

We can do the same thing as we did for the boat which is to try discover what the position of the rock is as a function
of time.  This integral is marginally trickier than what we did before but not much more so.  Lets do it.  Assume that
the initial position is 0 and what we want is the position (depth) at some time t.

xHtL = ‡
t
0 vHtL „ t = ‡

t
0 vtermK1 - ‰-

b

m
tO „ t

or… xHtL = vtermKt +
m
b
‰-

b

m
t - 1O

You should be able to do this last integral (hint: the integral of a sum is the sum of the integrals) and show how x(t)
resolves to this.  The graph of position vs time looks like this: 

Remember from the beginning, if I want to include the effect of buoyancy, since it is a constant upward force (as is
gravity pulling down) we can simply modify g with a different acceleration that is less than 9.8mës2.  NASA uses
huge pools of water to simulate conditions of microgravity.
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ü Dropping things from the Empire State Building (for real)

Notice how we have been all wet?  What about throwing things from tall structures in air?  Well the problem for this is
identical with one small change that alters everything, sort of. 

We set up Newton’s Second Law equations for this system as a differential equation.  The key difference is that we are
moving through a fluid that has low density and low viscosity (think of this as a measure of the syrupy-ness of the
fluid) we need to modify the drag expression:

FG - FD =m g - a v2 =m „

„t
v

The equation is just like before but with a squared term for the velocity.  The coefficient in front of the velocity is
different because, in general,  it  carries values that depend on the fluid and the object in a different way than the
expression we used for moving through the water.  We start with a 0 velocity, as before, and examine how the slope
changes with time.

„

„t
v = g - a

m
v2

Remember, at t=0 the velocity is 0.  So the slope of the velocity is, again, simply g.  This looks familiar.  As time goes
on the velocity increases so that the slope decreases.  The difference is that the slope changes more rapidly as time
goes on.  As the speed increases, the slope decreases more swiftly.  Eventually, at some place close to (D), the slope
reaches 0 and no longer changes significantly.

Just like before the slope of the velocity reaches 0 when we reach “terminal velocity.”  For our system described above

this point is vterm = m
a
g . 

We can see that the curve is going to look like the previous expression for our aqueous exploration but with a steeper
rise sharper turn around:
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„v = Ig - a
m
v2M „ t

For each tick of the clock the change in the velocity is getting smaller rapidly as it incrementally adds to the starting
velocity (0) and increments toward the terminal velocity.  Integrating this expression is not as simple as the previous
efforts only because the result doesn’t look like anything we will find on the reference sheet.  As before we will factor
out a êm leaving vterm behind.

„v
Ivterm2- v2M

= a
m
„ t

This time we can’t simply transform the variables.  Try if you let u = vterm2 - v2 you get „u = - 2 v „v.  This doesn’t
make the integral look like anything we recognize.  We have to go to a book on integral tables.  After scouring the
tables we find the following indefinite integral:

Ÿ
1

k2-x2
„ x =

tanh-1J x
k
N

k
+ C

We can adapt this fairly quickly to our expression and get the following result…

‡
vHtL
0

„v
Ivterm2- v2M

= ‡
t
0

a
m
„ tï

tanh-1J vHtL
vterm

N

vterm
= a

m
t

This is terrific except for one small detail: What is Tanh?  This function is called the “hyperbolic tangent” while
Tanh-1is the “inverse hyperbolic tangent.”  It is a function analogous to your more familiar trigonometric function
Tan.   When you start  covering complex numbers  in  greater  detail  and learn  how trigonometric  functions  can be
expressed with complex numbers you’ll come to see the analogy.  For our purpose we only need to look at the shape of
this expression by solving for v(t).  

We can look at the dimensions of a
m
vtermand it is easily to confirm algebraically that this combination of constants has

units of 1
@tD

.  You don’t have to know what Tanh is to know that the inverse function of Tanh-1is Tanh. In other

words:  TanhATanh-1@xDE = x
So we get for the velocity…

vHtL = vterm tanhIvterm
a
m
tM

This is as far we will take this.  You can see that the Tanh function has all the right characteristics as the previous
function only it rises more steeply and bends sharply to asymptotically arrive at the terminal velocity a bit sooner.
Mind you the terminal velocity of a rock through air is very different than the terminal velocity of a rock sinking in a
pool of water.  The graph above is scaled so that the two different cases focus on the different shapes.
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